For Hausdorff topological monoids, the concept of a unitary Cauchy net is a generalization of the concept of a fundamental sequence of reals. We consider properties and applications of such nets and of corresponding filters and prove, in particular, that the underlying set of a given monoid, endowed with the family of such filters, forms a Cauchy space whose convergence structure defines a uniform topology. A commutative monoid endowed with the corresponding uniformity is uniform. A distant purpose of the paper is to transfer the classical concepts of a completeness and of a completion into the theory of topological monoids. 
Introduction
In analysis, in functional analysis, in differential equations, one often uses sequences of points of normed linear spaces possessing the property that all differences of their far enough members lie in any preassigned neighborhood of zero. In this paper, we define and study nets in an arbitrary Hausdorff topological monoid which have a similar property. We call them unitary Cauchy nets or shortly C -nets and the corresponding filters C -filters. The first section contains definitions and some elementary properties of such nets and filters. In order to demonstrate the possibility of their application in the theory of topolological monoids, we prove, in particular, by means of them that if a given monothetic topological monoid, whose identity has a neighborhood with a compact closure, is embeddable into a topological group, then it itself is a topological group. In the next section, we show that the underlying set X of endowed with the family of C -filters is a Cauchy space. We use some principal ideas of the theory of Cauchy spaces and adduce all necessary definitions to make the paper as self-contained as possible. In the third section, we study the standard convergence structure of this Cauchy space and prove that it defines a T 3 1 2 topology, and there exists a canonical uniformity which is compatible with it. We call this topology and this uniformity unitary ones, and we show later that the unitary topology is the finest one amongst topologies on X for which there exists a homeomorphic embedding of X into a topological space where all C -nets defined in the initial topology of converge. If is commutative, then its multiplication is uniformly continuous in the unitary uniformity so that X endowed with this multiplication and this uniformity forms a uniform monoid. For this case, we construct a family of subinvariant pseudometrics on X which defines the unitary uniformity.
A)
We begin from basic definitions and notations, which we will use throughout the paper. Let = (X τ) be a
Hausdorff topological monoid with an identity 1. Here is a multiplication and τ a topology on the set X . In the following, we always shorten ( ) to . Similarly, sometimes, we write X instead of (X τ) for the underlying space.
Definition 1.1.
A net S = { α } α∈A in X is called a C -net (a left, a right C -net) if for each neighborhood U of 1 there exists α 0 ∈ A and for each α ≥ α 0 there exists α 0 ∈ A such that α ∈ U α U ( α ∈ α U, α ∈ U α ) for all α ≥ α 0 .
Here and later, the line on top denotes the topological closure. A version of this definition without this line will be considered in the third paper of this series. The both versions are equivalent, if the closure of some neighborhood of 1 is compact. Sometimes, the presence of this line allows us to deal with filters having bases consisting of closed sets. This property is important by the construction of completions. If is (R + 0 +) with the usual topology, then C -sequences are exactly all increasing fundamental ones. Because of this line, it is also true for the monoid which arises if we exclude all irrationals belonging to some neighborhood of 0.
Definition 1.2.
A filter on X (i.e. in the power set P(X )) is called a C -filter (a left, a right C -filter) on if the set M U = { ∈ X : U U ∈ } (respectively, L U = { ∈ X : U ∈ }, R U = { ∈ X : U ∈ }) belongs to for every neighborhood U of 1.
, if we wish to show its dependence on . It is evident, every left (right) C -net is a C -net. The inclusions L U ⊂ M U and R U ⊂ M U hold for every filter . Therefore every left (right) C -filter is a C -filter. If is commutative, then these concepts coincide. As a rule, we only consider C -filters in the following. Left and right C -filters appear sometimes if we discuss properties of left and right translations. All statements proved for C -filters are also true (with obvious changes) for left and right ones.
Proposition 1.3.

A net S in X is a C -net if and only if the corresponding filter (S) is a C -filter. A filter on is a C -filter if and only if the corresponding net S( ) is a C -net. (See [2] for definitions of the correspondences S → (S) and → S( ).)
Proof. If S = { α } α∈A is a C -net, then for each U there exists α 0 ∈ A such that M U ( (S)) contains all α with α ≥ α 0 and hence belongs to (S). Conversely, if (S) is a C -filter and U is an arbitrary neighborhood of 1, then there exists α 0 such that M U ( (S)) contains all α with α ≥ α 0 . The set U α U belongs to (S) for these α. Therefore, there exists α 0 such that this set contains all α with α ≥ α 0 . The second statement follows from the first one because of the equality = ( ( )).
Example 1.4.
Let be a topological group. Then, right (left) C -filters are Cauchy filters of the right (left) uniformity on X . C -filters are Cauchy filters of the Rölke uniformity with a base consisting of entourages {( ) ∈ X × X : ∈ U U} where U runs symmetrical neighborhoods of 1.
B)
We introduce now an equivalence relation on the set of C -filters. Definition 1.5. The relation ≥ induces an order relation on the set of equivalence classes of C -filters. A given C -filter is said to be ≥-minimal if its equivalence class is minimal with respect to this relation.
Proposition 1.8.
For each C -filter , there exists a ≥-minimal C -filter such that ≥ .
Proof. Let (A ≥) be a directed set and { α } α∈A a family of C -filters such that α
is a C -filter and α ≥ for every α ∈ A. Let U, U be arbitrary neighborhoods of 1 with U ≺ U. For an arbitrary α , it follows from Lemma 1.6 that U U ∈ α for any ∈ M U ( α ) and for any α ≥ α . Therefore, U U ∈ and
is a C -filter and α ≥ . It now suffices to use Zorn's lemma to the set of equivalence classes of C -filters.
C)
In this section, we study convergence properties of C -filters and show that this notion can be useful in the theory of topological monoids. For each point ∈ X , let˙ denote the ultrafilter consisting of all subsets of X containing . It is a C -filter.
Proposition 1.9.
Let be a C -filter with a cluster point 0 
Definition 1.11.
A Hausdorff topological monoid is said to be unitarily complete, if all its C -filters converge.
Proposition 1.12.
If a given topological monoid has a T 3 topology and its identity has a neighborhood with the compact closure (in particular, this monoid is locally compact), then this monoid is unitarily complete.
Proof. Let be an arbitrary C -filter on X , U a neighborhood of 1 with the compact closure and ∈ M U ( ). Then U U = U U ∈ . The set U U is the image of the compact set U × U under the continuous map ( 
Proof. It is evident.
For the next proposition, we need some more terminology. Let be cancellative and B ⊂ X . We will say that the topology of is non-viscous on B if, for any ∈ X and for any neighborhood U of 1, there exists a neighborhood V of such that, for any Proposition 1.14.
Any unitarily complete cancellative monothetic monoid (see [1] ) Γ = Γ( ) ( denotes its generator) with a non-viscous on the set Θ( ) = { : ∈ N} topology is algebraically a group. If this topology is non-viscous on all the underlying set of Γ, then Γ is a topological group.
Proof. First, we show that any element ∈ Γ is the limit of a C -net consisting of elements from Θ( ). . Thus, Γ is algebraically a group. Let now the topology of Γ is non-viscous on its underlying set. Then, the continuity of the function → −1 , ∈ Γ, can be proved similarly to the above argument for the case = .
If the topology of Γ is only non-viscous on Θ( ), yet it is locally compact, then Γ is a topological group by Ellis theorem (see, for example, [1] , Theorem 1.18). I have been told that the statement "Each locally compact cancellative monothetic topological monoid is a topological group" is called the Koch Conjecture. The proved proposition is its reduction since the topology of each topological group is non-viscous on any its subset. Proposition 1.12 and 1.14 lead to the following statement.
Corollary 1.15.
If a given monothetic topological monoid whose identity has a neighborhood with a compact closure, is embeddable into a topological group, then it itself is a topological group.
Unitary Cauchy spaces
A) In this section, we begin a systematic study of C -filters, which will lead later to a construction of the completions. At first, we show that the set X endowed with the family Σ of all C -filters (Σ (Σ ) of all left (right) C -filters) is a Cauchy space. We call it the unitary (the left, the right unitary) Cauchy space over . First, we recall that a Cauchy space is a couple consisting of a set X and of a collection S of filters in the power set P(X ) which satisfies the following conditions: 1) For each point , the ultrafilter˙ belongs to S. [3] . It is a generalization of the concept of a uniform space which the notion of a completion still make sense for. The reader can find a detailed exposition of this theory in [4] and [6] .
We check now the above axioms for C -filters. First, we have already noted that˙ is a C -filter (a left, a right C -filter) for each point . Proof. It is sufficient to consider the intersection of all C -filters which are equivalent to the given one.
Theorem 2.5.
The set X endowed with the collection Σ of all C -filters is a Cauchy space.
Proof. In view of the preceding propositions, we only need to check the last axiom of a Cauchy space, i.e., if 
Remark 2.8.
A given Cauchy space is said to be Hausdorff iff = whenever˙ ˙ . Proposition 2.1 shows that (X Σ) is a Hausdorff Cauchy space. 
B) ⊂-least C
Lemma 2.10.
Let be a C -filter and lst the ⊂-least filter with lst ≈ . The filter lst is generated by the families of sets of the form M U ( ) and of the form U U, where U runs an arbitrary base of neighborhoods of 1 and runs (for each U) an arbitrary set of the form M U ( ) with U ≺ U.
Proof. Let 1 be an arbitrary C -filter with 1 ≈ . Then all sets U U with ∈ M U ( ) and all sets M U ( ) belong to 1 by Lemma 1.6. Hence, they belong to lst . For the filter ⊂ lst which is generated by these sets, the inclusions M U ( ) ⊃ M U ( ) are true for any U U with U ≺ U. Therefore, M U ( ) ∈ and is a C -filter. We can now use Proposition 2.2 and Corollary 2.4.
To formulate other properties of ⊂-least C -filters, we need additional denotations. Let U ⊂ X be a subset containing 1 and A ⊂ X an arbitrary subset. Denote ∆ U (A) = { ∈ UAU : U U ∩ A = ∅}. If A = { } is a singleton, then we write ∆ U ( ) instead of ∆ U ({ }).
Remark 2.11.
In the case of left C -filters, the definition of the set ∆ U (A) has the form ∆ U (A) = { ∈ AU : U ∩ A = ∅}.
Lemma 2.12.
Let be a C -filter and lst the ⊂-least filter with lst ≈ . For every neighborhood U of 1 and for every set A ∈ , the set ∆ U (A) belongs to lst .
Proof. First, we prove that UAU ∈ lst . Let U be a neighborhood of 1 with U ≺ U and ∈ M U ( ) ∩ A.
Then U U ∈ lst by Lemma 2.10, and it implies UAU ∈ lst . Let now be an arbitrary point from M U ( ). Then ∈ { ∈ X : U U ∩ A = ∅} since both the sets U U and A belong to . Therefore, M U ( ) ⊂ { ∈ X : U U ∩ A = ∅} and { ∈ X : U U ∩ A = ∅} ∈ lst again by Lemma 2.10.
Find now a base of the filter˙ lst .
Lemma 2.13.
For an arbitrary point ∈ X , the family of sets {∆ U ( )} U , where U runs an arbitrary base of neighborhoods of 1, forms a base of the filter˙ lst .
Proof. By the preceding Lemma, the sets ∆ U ( ) belong to the filter˙ lst for all neighborhoods U of 1 since the singleton { } belongs to˙ . Consider the sets of generators of the filter˙ lst from Lemma 2.10. For an arbitrary set of the form U U with ∈ M U (˙ ) and U ≺ U, it follows from the inclusion ∈ U U that V V ⊂ U U for every small enough neighborhood V of 1. Therefore, each finite intersection of sets of the form U U contains some set of the form V V . Moreover, each finite intersection of sets of the form M U (˙ ) contains sets M V (˙ ) = { :
∈ V V } with small enough neighborhoods V of 1. Therefore, each finite intersection of the considered generators of the filter˙ lst contains a set of the form ∆ V ( ).
C) For each Cauchy space (X S)
, there exists a standard convergence structure S on X associated with S in a natural way (see, for example, [5] ):
→ S holds for given ∈ S, ∈ X iff ˙ . For C -filters, it means ⊃˙ lst . It is evident that the Σ -limit of an arbitrary C -filter is either empty or consists of an only point. In this section, we compare the Σ -convergence of C -filters with their convergence in the given topology τ on X . We need the next definition for that.
Definition 2.14.
is said to be unitarily separable if one of the next equivalent conditions is satisfied:
(i) For any point ∈ X and for any its neighborhood V , there exists a neighborhood U of 1 such that ∆ U ( ) ⊂ V .
(ii) For any point ∈ X , the filter˙ lst converges to in the topology τ.
These conditions are equivalent by Lemma 2.13. It is evident that if the topology τ is regular, then is unitarily separable, but the converse is false.
Consider two examples now.
Example 2.15.
The monoid from Example 2.9 is not unitarily separable. Its submonoid from this example is unitarily separable, but its underlying space is non-regular. For an arbitrary 0 = 0, let be the C -filter on corresponding to the C -sequence { 0 − 1 } ∈N . It Σ -converges to 0 but does not have any cluster points in the topology τ.
Example 2.16.
Let be the C -filter on (R + 0 +) which corresponds to a strict increasing sequence converging (in the usual topology) to an arbitrary point . This filter does not Σ -converge.
Proposition 2.17. (i) Let be a C -filter which Σ -converges to a point . In the given topology τ, this filter can not have any cluster points differing from . If is unitarily separable, then converges to in this topology. (ii) Suppose the ⊂-least C -filter which is equivalent to a given C -filter , has a base consisting of closed sets. If clusters to in the topology τ, then →
Proof. Statements (i) and (ii) are evident. The proofs of the other statements are straightforward.
Before formulating the following statement, we remind the reader that the closure operator S of the convergence structure S of a Cauchy space (X S) is defined by the next condition: for arbitrary ∈ X , A ⊂ X , belongs to S A iff there exists a filter ∈ S such that A ∈ and ˙ .
Theorem 3.2.
Let be a Hausdorff topological monoid. Then: 
(ii) This operator defines a topology on X which is said to be unitary in the following. 
(iii) For any ∈ X , the filter˙ lst is the neighborhoods filter of in the unitary topology. If a C -filter Σ -converges to some , then it converges to this in the unitary topology. If some filter on X converges to a point in the unitary topology, then it is a C -filter on which Σ -converges to this point. (iv) The unitary topology is T
= {( ) ∈ X × X : ∈ ∆ U ( )} = {( ) ∈ X × X : ∈ ∆ U ( )}
where U runs neighborhoods of 1 in the initial topology τ, defines a uniformity on X which is compatible with the unitary topology and is also said to be unitary in the following. (v) Every Cauchy filter of the unitary uniformity is a C -filter on . (vi) The unitary topology is finer than the initial one iff is unitarily separable.
Proof.
(i) It is evident, for S = Σ, the condition from the above definition of the operator S is equivalent to the next one: the intersection H ∩ A is non-empty for every set H ∈˙ lst . By Lemma 2.13, the last condition is satisfied iff ∆ U ( ) ∩ A = ∅. That completes the proof of (i).
(ii) The check of the axioms of the closure operator of a topological space except ( Σ ) 2 = Σ is trivial. Check this axiom. Let be an arbitrary point of ( Σ ) 2 (A), U an arbitrary neighborhood of 1 and U 1 U 2 its neighborhoods such that the triplet U, U 1 , U 2 satisfies the assumption of statement (v) of the preceding lemma. Then there exists
(iii) By Lemma 2.13, the filter˙ lst is generated by sets ∆ U ( ) where U runs neighborhoods of 1 in the initial topology on X . It follows from (i) that each neighborhood of in the unitary topology contains one of these sets. Moreover, the interiors of these sets in the unitary topology contain since / ∈ Σ (X \ ∆ U ( )). Therefore, a base of this filter consists of neighborhoods of in the unitary topology.
For the proof of the second statement, let C -filter Σ -converge to , i.e. ≈˙ . Then ⊃˙ lst and therefore it converges to in the unitary topology.
Consider now the last statement of (iii). Let be a filter converging to in the unitary topology. Then ⊃˙ lst and is a C -filter by Proposition 2.2.
(iv) First, we show that the set X endowed with the unitary topology is a T 1 -space. Let ∈ X be arbitrary points.
The inclusion ∈ Σ ({ }) implies ∈ U U for every neighborhood U of 1 in the initial topology τ. It is only possible, if = .
Consider now the family {W U } U . It consists of symmetrical entourages of the diagonal of X × X . Statements (ii) and (v) of Lemma 3.1 imply that it forms a base of a uniformity on X . It is straightforward that the closure operator of this uniformity coincides with Σ .
(v) Let be a Cauchy filter of the unitary uniformity. For an arbitrary U, there exists a set H ∈ such that ∈ ∆ U ( ) for every
is a C -filter.
(vi) A subset V ⊂ X is open in the unitary topology, iff for each point ∈ V , there exists a neighborhood U of 1 (in the initial topology) such that ∆ U ( ) ⊂ V . The unitary topology is finer than the initial one iff every open in the initial topology set is also open in the unitary one. By Definition 2.14, it holds iff is unitarily separable. The proof is complete.
Remark 3.3.
(i) We show in the following paper of this series that the unitary topology is the finest one for which there exists an extension of X where all C -filters of its initial topology converge.
(ii) Let be a topological group. Then, for each ∈ X , the family {∆ U ( )} U contains the closures of arbitrary small neighborhoods of . It implies that the unitary (the left, the right unitary) topology coincides with the initial one. It is easy to prove that these topologies also coincide for every submonoid of a topological group which is dense in some neighborhood of the identity of this group. In some cases, the unitary topology can be much finer than the initial one. For example, the unitary topology and the unitary uniformity of the monoid (R + 0 +) with the usual initial topology are discrete.
(iii) In this example, there exist C -filters which are not Cauchy filters of the unitary uniformity. It means the completion of the unitary uniform space need not be an extension of X where all C -filters of its initial topology converge.
Example 3.4.
Let be the submonoid of R 2 with the underlying space X consisting of all ( ) with ≥ 0. For each P 0 ( 0 0 ) ∈ X , the sets U = {P( ) : = 0 ρ(P P 0 ) < } where ρ is the usual metric in R 2 and > 0, form a base of the unitary topology on X at the point P 0 .
For the next results, we need some more denotations. Denote by ω the unitary uniformity of and by X the uniform space (X ω ). 
Corollary 3.6.
The function → is a covariant functor from the category of Hausdorff topological monoids to the category of uniform spaces.
Proof. This function preserves identities and compositions since and are the same maps between sets.
Prove that this functor preserves finite products. Let 
Proposition 3.7.
The uniform spaces X and X 1 × · · · × X are canonical uniformly isomorphic.
Proof. Show that the corresponding uniformities on the set X coincide. Examining X , it suffices to consider only the entourages corresponding to neighborhoods U of 1 having the form
} from X , the inclusion ∈ U U is equivalent to the system of inclusions ∈ U U for all = 1 . Therefore, ∈ ∆ ( ) is equivalent to the system ∈ ∆ ( ). Yet, this system defines the product uniformity on X .
B)
In this section, we study properties of the multiplication in with respect to the unitary uniformity.
Proposition 3.8. 
Proof.
(i) The left unitary uniformity can be given by means of the family of entourages W L U = {( ) ∈ X ×X : ∈ U ∈ U} where U runs neighborhoods of 1 in the initial topology τ. It is easy to show that (
for any U and for any ∈ X , i.e. these entourages are subinvariant with respect to left translations.
(ii) Let Proof. The statement follows from Corollaries 3.6. and 3.9.
Remark 3.11.
Uniform monoids possess important properties. For example, every subgroup of a commutative topological monoid endowed with its unitary topology is a topological group. To obtain this statement, it suffices to apply Theorem 3.1 from [5] . C) Invariant pseudometrics play an important role in the theory of topological groups. In this section, we construct a family of subinvariant pseudometrics which defines the unitary uniformity on a given Hausdorff commutative topological monoid. To avoid misunderstandings, in this section we denote the identity of by . Let be commutative and U an arbitrary neighborhood of in the initial topology. Consider a sequence T = U 1 U 2 of neighborhoods of in this topology such that U 1 = U and U 2 +1 ⊂ U for = 1 2 , and assign to it a pseudometric σ T constructed as follows. First, for each binary rational > 0, we define a subset V ⊂ X . If ≥ 1, then we set V = X . . For an arbitrary point ∈ X , denote now ∆ ( ) = { ∈ V : ∈ V } and set σ T ( ) = inf{ : ∈ ∆ ( )} if the set { : ∈ ∆ ( )} is non-empty, and σ T ( ) = 1 otherwise. It is evident, σ T ( ) ≤ 1 for all and .
Theorem 3.12.
If is commutative, then:
(i) The function σ T is a pseudometric on X .
(
ii) This pseudometric is subinvariant, i.e. σ T ( ) ≤ σ T ( ) for every ∈ X . (iii) The family {σ T } T defines the unitary uniformity on X .
Proof. .
Let now W U be a given entourage. Consider an arbitrary sequence T beginning from U and the corresponding pseudometric σ T . The inequality σ T ( ) < 1/2 implies inclusions ∈ ∆ 1/2 ( ) = ∆ U ( ) and ( ) ∈ W U . It completes the proof.
Our main purpose in the following papers of this series is to construct extensions of a given monoid, where all its C -nets converge. We intend to transfer the classical notions of a completeness and of a completion into the theory of topological monoids. The rejection of the requirement that general all nets of a given monoid must cluster in its considered extension, leads to simpler constructions than compactifications.
